We calculate the transmission coefficient through a potential barrier in monolayer graphene with Rashba spin-orbit coupling and in bilayer graphene. We show that in both the cases one can go from Klein tunneling regime, characterized by perfect normal transmission, to anti-Klein tunneling regime, with perfect normal reflection, by tuning the Rashba spin-orbit coupling for a monolayer or the interplane coupling for a bilayer graphene. We show that the intermediate regime is characterized by a non-monotonic behavior of the transmission amplitude.
I. INTRODUCTION
Since its discovery [1] , graphene, the youngest of the carbon allotropes, a single layer of carbon atoms arranged in a hexagonal lattice, has attracted a lot of interest due to its novel and peculiar electronic transport properties [2] . Particles in graphene move according to a linear spectrum which leads to relativistic description of their dynamics [1] , therefore, exhibit phenomena associated with relativistic fermions, such as the unusual half-integer quantum Hall effect [3] and the Klein tunneling [4] [5] [6] .
Its bilayer version, is made by two coupled monolayers of carbon atoms [7] . Many of the special properties of bilayer graphene are similar to the monolayer one, such as excellent electrical conductivity with room temperature, high thermal conductivity, strength and flexibility [2, 8, 9] . However the low-energy spectra of the Dirac fermions in a monolayer and in a bilayer graphene are different [10, 11] . Moreover, the tunneling in monolayer graphene is characterized by a perfect transmission of normal incident massless Dirac fermions through a potential barrier regardless of their hight and width [12] , which is a consequence of the lack of backscattering due to conservation of the helicity. To prevent Klein effect, magnetic barriers have been proposed in order to confine the quasiparticles in monolayer graphene [13] . However, in the bilayer graphene the incident and reflected states have the same pseudospin, while the transmitted state has the opposite pseudospin and due to the conservation of pseudospin, no Klein tunneling is expected. As a result, full reflection, known as anti-Klein tunneling [4, 14, 15] occurs. As we will see, an analogous result occurs for monolayer graphene in the presence of strong Rashba spin-orbit coupling. Rashba and intrinsic spin-orbit couplings (SOC) are two types of spin-orbit interactions that can be present in graphene [16] . The moving of electrons in the atomic electric field produce a magnetic field which interacts with the electron spin, generating a weak intrinsic SOC. However, the extrinsic Rashba spin-orbit coupling term arises due to an external electric field perpendicular to the graphene sheet. We must say that the nearest-neighbor intrinsic SOC vanishes due to the symmetry of the graphene lattice while the next-nearest-neighbor coupling is nonzero [17] . On the other hand, Rashba effect appears in graphene if the mirror symmetry of the system is broken and causes a nearest-neighbor extrinsic SOC [18] . Here, we will focus on the Rashba SOC and neglect the intrinsic one [19, 20] . We will see that at low energy limit the single-layer graphene with Rashba spin-orbit coupling is described by the same Hamiltonian of a bilayer graphene with the interlayer coupling which plays the role of SOC in the other system. This observation will allow us to treat the two cases at once. In both cases, indeed, we will show how one can approach anti-Klein tunneling by increasing the two types of couplings in the two different setups.
II. THE TWO MODELS
Here we will briefly present the Hamiltonian describing the dynamics of the quasiparticles in a monolayer graphene in the presence of spin-orbit coupling and the Hamiltonian related to two layers of graphene with interlayer coupling. We will show that the two models are described by two Hamiltonians which can be mapped one to the other by a simple unitary transformation.
where . means that we sum up to next-nearest neighbour lattice sites, s is a vector whose elements are the Pauli matrices in the spin space. Expanding the tight-binding Hamiltonian Eq. (1) in the vicinity of the valleys K ± = (±4π/3 √ 3, 0), gives the following low-energy Hamiltonian in the sublattice, (A, B), and spin, (↑, ↓), spaces
where η = ±1 labels the valley degrees of freedom, σ x , σ y , σ z are Pauli matrices acting on the pseudospin (or sublattice) space, and v = 3 2 ta (a the lattice spacing) is the Fermi velocity. The estimated values of λ o and λ R remain rather controversial, however, by tight-binding calculation, the value of intrinsic SOC is found to be λ o = 3 √ 3t SO = 12µeV [22] , while the valuation of the Rashba coupling is λ R = 3t R 2 = 37.4µeV [23] . However, experimentally the Rashba coupling can be strongly enhanced by appropriate optimization of the substrate up to values of the order of λ R = 14meV [24] . For that reason we will consider only the Rashba spin-orbit interaction λ R , neglecting λ o , and rewriting the low-energy Hamitoniam around a single Dirac point (for instance, η = +1) on the double-spinor basis
where, for the sake of simplicity, λ = 2λ R . Dividing the four-bands Hamitoniam into 2 × 2 blocks and solving the eigenvalue equation for energy E we can obtain the reduced effective two-bands Hamiltonian acting on the spinor
which, in the vicinity of the Dirac point, namely for E → 0, becomes
2 T * , the leading terms in the perturbative expansion in E, therefore
Notice that, after rotating the spinor along the quantization axis by π/4, namely U H e U † , with U = e iσzπ/4 (in the reduced two-bands model the spin and the pseudospin are locked), one ends up to the analogous effective Hamiltonian for a bilayer graphene, see Eq. (10) . As it is known [4] for bilayer graphene, under certain conditions, perfect normal reflection occurs, therefore also for single-layer graphene with strong spin-orbit coupling we expect the same behavior, as we will see in what follows.
B. Bilayer graphene
Bilayer graphene consists of two layers of graphene with inequivalent sites A and B in the top layer labeled by 1 and A and B in the bottom layer labeled by 2. These two layers can be arranged according to Bernal stacking (AB-stacking) or AA-stacking [15] . Here, we will consider the Bernal stacking bilayer graphene. The low energy Hamiltonian at one valley, let us consider K + , choosing the basis (ψ A1 (r), ψ B2 (r), ψ B1 (r), ψ A2 (r)) t , in order to make easier the comparison with the previous case, is given by
where now λ ≈ 0.4 eV is the interlayer hopping energy between atom A2 and atom B1, further skew hopping parameters are negligible [25, 26] . Actually the interplane coupling between atoms A2 and B1 can be written in the Hamiltonian H as a term λ(σ y τ y + σ x τ x )/2, where τ x,y,z are Pauli matrices acting on the interlayer indices (1, 2), which play the role of real spins in the previous case. Identifing the pseudospin related to the interlayer space with the real spin, after a simple rotation U = e −iπτz/4 , applied to the Hamiltonian, U HU † , one goes from Eq. (9) to Eq. (6), or, viceversa, appling U = e iπsz/4 to Eq. (6) one gets Eq. (9) . Moreover, by the same procedure seen above, Eq. (7), it is possible to obtain an effective two-bands Hamiltonian for the components (ψ A1 , ψ B2 ) in the limit of strong interlayer coupling λ, which is given by [27] [28] [29] 
In this reduced two-bands model the sublattice and interlayer pseudospins are locked and, as already mentioned, Eq. (8) and Eq. (10) are mapped one to the other by a π/4-rotation around the quantization axis of the two-component spinor. While the two layers of graphene, when separated, exhibit Klein effect, in the limit of strong interlayer coupling, using the reduced Hamiltonian Eq. (10) anti-Klein tunneling occurs [4] .
III. TUNNELING THROUGH A POTENTIAL BARRIER
Since the two models seen above are described by two Hamlitonians which are related by a rotation along the spin (or interlayer pseudospin) quantization axis, we can treat both the cases at the same time and we will show that the tunneling properties are the same. The aim of the work is to show how to go from Klein tunneling, peculiar for monolayer graphene, to anti-Klein tunneling occurring in bilayer or in the presence of strong Rashba spin orbit coupling. We will consider, therefore, the scattering problem of a charge carrier through a scalar potential barrier, for a generic coupling λ (Rashba coupling or interlayer coupling) when the energy of the incident particle is smaller than the height of the potential (E < V 0 )
Before proceding with the solution of the scattering problem, let us write the eigenvalues and eigenstates of the two Hamiltonians in Eqs. (6) and (9) . In both cases the four eigenvalues are E = ± 1 2 (λ ± λ 2 + 4v 2 (k 2 x + k 2 y ), where k x,y are the eigenvalues of the operators p x,y (we puth = 1.) The eigenstates of Eq. (6) are the columns of the following matrix
For the bilayer case we have to replace Eq. (12) with the matrix which diagonalizes Eq. (9) , that can be written in terms of Eq. (12) as it follows
where
so that, as we will see, the tunneling properties for the two cases are exactly the same.
A. Transfer matrix approach
In order to solve the Shrödinger equation in the presence of a picewise constant potential as in Eq. (11) one has to impose the continuity condition of the wavefunction at the boundaries x = 0 and x = d which separate region I (x < 0) where V (x) = 0, region II (0 ≤ x ≤ d) where V (x) = V 0 and region III (x > d) where V (x) = 0. This results to writing, for any j,
where c where we define the following transfer matrix
which will encode the continuity of the wavefunction at the two interfaces, at x = 0 and x = d. It is easy to see that this matrix is the same for both the Rashba case in a monolayer and in the bilayer, since, in the latter case, one should insert I −1 b I b twice, at the two interfaces, but this quantity is an identity since I b does not depend on the energy. As a result, T b , for the bilayer, obtained replacing W with W b from Eq. (15), is the same as in the monolayer case with Rashba coupling, T b = T . We have now to distinguish two cases according to the momentum carried by the incident particle. Let us consider, for positive energy, i) a particle coming from the first (lower) band and ii) a particle coming from the second (upper) band. 
Lower band
Let us consider an incident particle traveling with momentum k (1) x , Eq. (13) . In this case the scattering problem can be formulated in terms of the following matrix equation
where r 1 is the reflected coefficient (for a wavefunction with momentum −k
(1)
x ) and t 1 the transmitted one. In principle one can allow for a reflected wave with momentum −k (2) x , therefore r 2 , and a transmitted one (t 2 ) with momentum k (2) x . Defining
the momentum can be written in terms of the incident angle φ
Notice that, since V (x) is only along x-direction, k y is the same everywhere, also inside region II, namely k y = K E sin φ = K E−V0 sin θ, which defines the angle of refraction θ as for the Snell law in optics. Using Eq. (24) in Eq. (13), one can notice that, for λ > (V 0 − E), the wave inside the barrier becomes evanescent since
therefore one can expect a suppression of the transmission for such values of the coupling. Now writing Eqs. (12) , (20) in terms of the angle of incidence φ one can solve Eq. (21), getting in particular t 1 (φ), the Fresnel transmission coefficient for an incident particle carrying momentum (k x , k y ) = K E (cos φ, sin φ). In Fig. 1 (left plot) examples of the transmission probability |t 1 (φ)| 2 for different values of λ are reported. Since Klein tunneling in graphene (and in general for relativistic particles) is expected to occur for normal incidence, let us consider in particular the transmission for φ = 0 and V 0 > E. In this case the transmission coefficient takes a simple analytic expression which is the following The transmission probability |t 1 (0)| 2 for normally incident particles coming from the first lower band is shown in Fig. 2  and Fig. 3 . As one can see, there is a strong suppression of the transmission for λ > V 0 − E while, for 0 < λ < V 0 − E, |t 1 (0)| 2 can oscillate between its maximum value, |t 1 (0)| 2 = 1, occuring when K E−V0 d = nπ (with n = 0, 1, 2, . . . ), and a lower bound which depends on λ, E and V 0 , occurring for K E−V0 d = nπ/2 (the lower envelope dashed curve drawn in Fig. 3b ). To conclude, the transmission probability, for 0 < λ < V 0 − E, takes values in the following range
as shown in Fig. 3 . In particular, the ridges in Fig. 2 , corresponding to perfect transmission, |t 1 (0)| 2 = 1, are described by the equations d = , with n = 0, 1, 2, . . .
Upper band
Let us now consider an incident particle carrying momentum k (2) x , Eq. (14) . In this case the scattering problem can be formulated in terms of the following equation
where now the transmission coefficient of the incident particle is t 2 . Defining
As before, since V (x) is only along x-direction, k y is the same everywhere, also inside region II, k y = Q E sin φ = Q E−V0 sin θ. We remark that in order to have a traveling incident particle in region I, with momentum in the upper band, namely in order to have a well-defined scattering problem, the value of the coupling is restricted to
Using Eq. (30) in Eq. (14) , in order to rewrite Eqs. (12), (20) in terms of the angle of incidence φ, solving Eq. (27), we get t 2 (φ), the transmission coefficient for an incident particle carrying momentum (k x , k y ) = Q E (cos φ, sin φ). In 
x , Eq. (14), as a function of the width of the barrier d (in unit of ) and strength of the coupling λ (in unit ofhv/ ) which is defined only for λ < E.
Considering particularly the transmission for φ = 0 and V 0 > E, the coefficient t 2 (0) takes a simple analytic expression, analogous to Eq. (25) where λ → −λ,
Some results of Eq. 32 are reported in Fig. 4 and Fig. 5 . As already said, the permitted values for λ are delimited by Eq. (31). From Fig. 5a the oscillations of the transmission resemble those for a non-chiral particle [4] . For 0 < λ < E the transmission |t 2 (0)| 2 can vary between its maximum value, |t 2 (0)| 2 = 1 when Q E−V0 d = πn (with n = 0, 1, 2, . . . ) and a lower bound which depends on λ, E and V 0 , occurring when Q E−V0 d = πn/2 (the lower envelope dashed line drawn in Fig. 5b) . The values of the transmission probability, therefore, take values in the following range
